Let C be a unital AH-algebra and A be a unital simple C *
Introduction
Recall that an AH-algebra is a C * -algebra which is an inductive limit of C * -algebras C n , where C n = P n M r(n) (C(X n ))P n for some finite CW complex X n and projections P n ∈ M r(n) (C(X n )). Note that every unital separable commutative C * -algebra is an AH-algebra and every AFalgebra is an AH-algebra. It was shown in [11] (see also Theorem 3.6 of [13] ) that two unital monomorphisms φ, ψ : C → A, where A is a unital simple C * -algebra with tracial rank zero, are approximately unitarily equivalent if and only if for all c ∈ C s.a. and τ ∈ T (A). This result plays a role in the study of classification of amenable C * -algebras, or otherwise known as the Elliott program. It also has applications in the study of dynamical systems both classical and non-commutative ones (see [11] ). It is desirable to know the range of the approximately unitary equivalence classes of monomorphisms from a unital AH-algebra C into a unital simple C * -algebra with tracial rank zero. For example, one may ask if given any κ ∈ KL(C, A) and any continuous affine map λ : T (A) → T (C) there exists a monomorphism φ such that [φ] = κ and τ • h(c) = λ(τ )(c) for all c ∈ C s.a. and τ ∈ T (A).
When C is a finite CW complex, it was shown (see also a previous result of L. Li [6] ) in [10] that, for any κ ∈ KK(C, A) with κ(K 0 (C) + \ {0}) ⊂ K 0 (A) + \ {0} and with κ([1 C ]) = [1 A ], there exists a unital monomorphism φ : C → A such that [φ] = κ. It should be noted that both conditions that κ([1 C ]) = [1 A ] and κ(K 0 (C) \ {0}) ⊂ K 0 (A) \ {0} are necessary for the existence of such φ. One of the earliest such results (concerning monomorphisms from C(T 2 ) into a unital simple AF-algebra) of this kind appeared in a paper of Elliott and Loring ([3] see also [2] ). It was shown in [10] that the same result holds for the case that C is a unital simple AH-algebra which has real rank zero, stable rank one and weakly unperforated K 0 (C). Therefore, it is natural to expect that it holds for general unital AH-algebras.
Let C be the unitization of K, the algebra of compact operators on l 2 . Then it does not have a faithful tracial state. Consequently, it can not be embedded into any unital UHF-algebra, or any unital simple C * -algebra which has at least one tracial state (It has been shown that a unital AH-algebra C can be embedded into a unital simple AF-algebra if and only if C admits a faithful tracial state -see [13] ) . This example at least suggests that for general unital AH-algebras, the problem is slightly more complicated than the first thought. Moreover, we note that to provide the range of approximately unitary equivalence classes of unital monomorphisms from C, we also need to consider the map λ : T (A) → T (C). Let X be a compact metric space and let C = C(X). Suppose that h : C → A is a unital monomorphism and suppose that τ ∈ T (A). Then τ • h induces a Borel probability measure on X. Suppose that κ ∈ KL(C, A) is given. It is clear that not every measure µ can be induced by those h for which [h] = κ. Thus, we should consider a compatible pair (κ, γ) which gives a more complete information on K-theory than either κ or γ alone.
The main result of this paper is to show that if C is a unital AH-algebra, A is any unital simple C * -algebra with tracial rank zero, κ ∈ KL(C, A) ++ (see 2.3 below) with κ([1 C ]) = [1 A ] and λ : T (A) → T f (C), where T f (C) is the convex set of faithful tracial states, which is a continuous affine map and is compatible with κ, there is indeed a unital monomorphism φ : C → A such that
[φ] = κ in KL(C, A) and φ T = λ.
We also show that the existence of λ is essential to provide homomorphisms φ. In fact, we find out that there are compact metric spaces X, unital simple AF-algebras A and κ ∈ KL(C(X), A) ++ with κ([1 C ]) = [1 A ]) for which there are no λ : T (A) → T f (C(X)) which is compatible with κ. Moreover, we discovered that there are no homomorphism h : C → A (not just monomorphisms) such that [h] = κ. This further demonstrates that tracial information is an integral part of K-theoretical information.
Notation
2.1. Let A be a unital C * -algebra. Denote by T (A) the tracial state space of A. Denote by Aff(T (A)) the space of all real affine continuous functions on T (A). If τ ∈ T (A), we will also use τ for the tracial state τ ⊗ Tr on M k (A) for all integer k ≥ 1, where Tr is the standard trace on M k . If a ∈ A s.a. , denote byǎ a real affine function in Aff(T (A)) defined byǎ(τ ) = τ (a) for all τ ∈ T (A).
Let C be another unital C * -algebra. Suppose that γ : Aff(T (C)) → Aff(T (A)) is a positive linear map. We say it is unital if γ(1 C )(τ ) = 1. We say it is strictly positive, if a ∈ Aff(T (A)) + \ {0}, then γ(a)(τ ) > 0 for all τ ∈ T (A).
Suppose that φ : C → A is a unital homomorphism. Denote by h T : T (A) → T (C) the affine continuous map induced by h, i.e.,
It also induces a positive linear map h ♯ : Aff(T (C)) → Aff(T (A)) defined by
is an affine continuous map, then it gives a unital positive linear map λ ♯ : Aff(T (C)) → Aff(T (A)) by λ ♯ (f )(τ ) = f (λ(τ )) for all f ∈ Aff(T (C)) and for all τ ∈ T (A).
Conversely, a unital positive linear map γ : Aff(T (C)) → Aff(T (A)) gives an affine continuous map
Suppose that A is a unital simple C * -algebra. Then γ is strictly positive if and only if γ T maps T (A) into T f (C).
Denote by ρ A :
Let A and C be two unital C * -algebras and let κ 0 :
Similarly, a unital positive linear map γ : Aff(T (C)) → Aff(T (A)) is said to be compatible with
. γ is compatible with κ 0 if and only if γ T is so.
Two projections in A are equivalent if there exists a partial isometry w ∈ A such that w * w = p and ww * = q. Definition 2.4. Let κ ∈ KL e (C, A) ++ and let λ : T (A) → T (C) be a continuous affine map. We say that λ is compatible with κ if λ is compatible with κ| K 0 (C) . Let γ : Aff(T (C)) → Aff(T (A)) be a positive linear map. We say γ is compatible with κ if γ is compatible with
2.5. Let C = C(X) for some compact metric space X. One has the following short exact sequence:
It is then easy to see that, for every projection p ∈ M ∞ (C), there is a projection q ∈ C and an integer n such that
). It follows that if C is a unital AH-algebra, then for every projection p ∈ M ∞ (C), there is a projection q ∈ C and an integer n ≥ 1 such that
Note also that in this case Aff(T (C)) = C s.a . Therefore, in this note, instead of considering a unital positive linear maps γ : Aff(T (C)) → Aff(T (A)), we may consider unital positive linear maps γ : C s.a → Aff(T (A)). Moreover, γ is compatible with some κ ∈ KL(C, A)
) for all projections p ∈ C and τ ∈ T (A).
2.6. Let φ, ψ : C → A be two maps between C * -algebras. Let ǫ > 0 and F ⊂ C be a subset. We write
Definition 2.8. Let A be a unital C * -algebra. Denote by U (A) the unitary group of A. Let B ⊂ A be another C * -algebra and φ : B → A be a map. We write φ = ad u for some
Let φ, ψ : C → A be two maps. We say that φ and ψ are approximately unitarily equivalent if there exists a sequence of unitaries {u n } ⊂ A such that
Approximate unitary equivalence
We begin with the following theorem We need the following variation of results in [11] . For any ǫ > 0 and any finite subset F ⊂ C, there exist η > 0, δ > 0, a finite subset G ⊂ C, a finite subset H ⊂ C s.a. and a finite subset P ⊂ K(C) satisfying the following:
Suppose that L 1 , L 2 : C → A are two unital completely positive linear maps which are δ-Gmultiplicative such that
(e 3.3)
Then there is a unitary u ∈ A such that
Proof. Write C = ∪ ∞ n=1 C n , where C n = P n M r(n) (C(X n ))P n , where X is a compact subset of a finite CW complex and where P n ∈ M r(n) (C(X n )) is a projection. Let ǫ > 0 and a finite subset F ⊂ C be fixed. Without loss of generality, we may assume that F ⊂ C 1 . Let η 0 > 0 such that
Choose non-zero element g j ∈ (C 1 ) s.a such that 0 ≤ g j ≤ 1 whose support lies in O j , j = 1, 2, ..., m. Note such g j exists (by taking those in the center for example). Choose
Since γ is strictly positive, σ 0 > 0. Set σ = min{σ 0 /2, 1/2s}. Then, by Corollary 4.8 of [11] , such δ > 0, η > 0, G, H and P exists. Then, for any ǫ > 0 and any F ⊂ C(X), there exists δ > 0, a finite subset G ⊂ C(X) s.a. , a set S 1 , S 2 , ..., S n of mutually disjoint clopen subsets with ∪ n i=1 S i = X, satisfying the following: For any two unital homomorphisms φ 1 , φ 2 : C(X) → pAp with finite dimensional range for some projection p ∈ A with τ (1 − p) < δ such that
for all g ∈ G and for all τ ∈ T (A), there exist a unitary u ∈ U (pAp) such that
Proof. This follows from 3.2 immediately. There is a sequence of finite CW complex X n such that C(X) = lim n→∞ (C(X n ), h n ), where each h n is a unital homomorphism. Fix ǫ > 0 and a finite subset F ⊂ C(X). Without loss of generality, we may assume that F ⊂ h K (F K ) for some integer K ≥ 1 and a finite subset F K .
Given any finite subset P ⊂ K(C(X)), one obtains a finite subset
.., p n be mutually orthogonal projections corresponding to the connected components of X k . To simplify notation, without loss of generality, we may assume that k = K.
There are mutually disjoint clopen sets
.., n. Since φ and ψ are homomorphisms with finite dimensional range, if
This, in particular, implies that
This above argument shows that the lemma follows from 3.2.
Definition 3.4. Let X be a compact metric space which is a compact subset of some finite CW complex Y. Then there exists a decreasing sequence of finite CW complexes X n ⊂ Y such that
Denote by s m,n : C(X m ) → C(X n ) (for n > m) and s n : C(X n ) → C(X) be the surjective homomorphisms induced by the inclusion X n+1 ⊂ X n and X ⊂ X n , respectively. 
where Φ :
where {x 1 , x 2 , ..., x N } is a finite subset of X.
Proof. Assume that the lemma were false. Then there would be a positive number ǫ 0 > 0, a finite subset F 0 ⊂ C(X), an increasing sequence of finite subsets {P n } ⊂ K(C(X)) with ∪ n P n = K(C(X)), a sequence of unital C * -algebras, two subsequences {R(n)}, {k(n)} of N and two sequences monomorphisms φ n , ψ n :
where infimum is taken among all possible Φ n : C(X) → M R(n) (A n ) with the form described above and among all possible unitaries {u n } ⊂ U (M R(n)+1 (A)), and where
is finitely generated, by passing to a subsequence, if necessary, without loss of generality, we may assume (see also the end of 2.2) that
Since T R(A n ) = 0, A n has real rank zero, stable rank one, weakly unperforated K 0 (A n ), by Corollary 2.1 of [5] and (e 3.12)
It follows from Corollary 2.1 of [5] again that
It then follows from Theorem 1.1 and the Remark 1.1 of [5] that there is an integer N ≥ 1 and
where
There is a unitary {W n } ∈ U ( n A n ) such that π({W n }) = W. Then, for some sufficiently large n,
(e 3.14)
on F 0 . This contradicts (e 3.11).
Remark 3.6. There exists a positive number η > 0 and integer N 1 > 0 which depend only on ǫ and F such that {x 1 , x 2 , ..., x N } and an integer N can be replaced by any η-dense finite subset {ξ 1 , ξ 2 , ..., ξ N 1 } and integer N 1 .
From the proof, we also know that the assumption that A has tracial rank zero can be replaced by much weaker conditions (see Corollary 2.1 of [5] ). The main difference of 3.5 and results in [5] is that homomorphisms φ and ψ are not assumed to be from C(X) to A.
Monomorphisms from C(X)
Lemma 4.1. Let X be a finite CW complex and let A be a unital simple C * -algebra with real rank zero, stable rank one and weakly unperforated K 0 (A). Let e 1 , e 2 , ..., e m ∈ C(X) be mutually orthogonal projections corresponding to connected components of X.
Then, for any projection p ∈ A and any unital homomorphism φ 0 : From this it is clear that we may reduce the general case to the case that X is connected. So now we assume that X is connected. Then it is easy to see that
It follows from Theorem 4.7 of [10] that there is a monomorphism 
(e 4.18) i = 1, 2, ..., n.
Since γ is strictly positive, d > 0.
It follows from 4.3 of [12] that there is a unital homomorphism h 0 : C(X) → A with finite dimensional range such that
(e 4.19) and for all τ ∈ T (A). In particular,
Note that τ (p 0 ) < γ(χ S i )(τ ) for all τ ∈ T (A), i = 1, 2, ..., n. Moreover, by (e 4.20),
, where x k ∈ X and {e 1 , e 2 , ..., e k } is a set of mutually orthogonal projections with
Therefore (by (e 4.22))
(e 4.23) By Zhang's Riesz interpolation property (see [14] ), there are projections e ′ k ≤ e k such that τ (
(e 4.28)
. Then clearly that p = 1. Moreover,
for all τ ∈ T (A). Then, by (e 4.28), 
(e 4.32)
.33)
where Proof. Let N ≥ 1 and let η-dense subset {x 1 , x 2 , ..., x N } of X be given. Let η 0 > 0 such that
Choose η 0 > η 1 > 0 such that B(x i , η 1 ) intersects with one and only one S i among {S 1 , S 2 , ..., S n }.
Choose, for each i, a non-zero function f i ∈ C(X) with 0 ≤ f ≤ 1 whose support is in
So d 0 > 0. Put δ 1 = min{δ/8, δ 0 /4} and put G 1 = G ∪ {1 C(X) } ∪ {f i : i = 1, 2, ..., N }. Now applying 4.2. We obtain a projection p ∈ A and a unital homomorphism h 0 : C(X) → pAp such that
(e 4.36) for all τ ∈ T (A), i = 1, 2, ..., n. Since 1 C(X) ∈ G 1 , by (e 4.35),
(e 4.37)
, where ξ j ∈ X and {q 1 , q 2 , ..., q L } is a set of mutually orthogonal projections with
It follows from (e 4.35) that, for each i,
(e 4.39) for all τ ∈ T (A). It follows that
There are projections e i ≤ e ′ i such that
i − e i ) and (e 4.41)
.., n. It follows from (e 4.36) that (e 4.32) holds. By the choice of η 0 , we also have
(e 4.43)
Thus, by (e 4.35), (e 4.31) also holds.
Lemma 4.4. Let X be a compact metric space and let A be a unital simple C * -algebra with tracial rank zero. Suppose that γ : C(X) s.a → Aff(T (A)) is a unital strictly positive linear map which is compatible with a strictly positive homomorphism
, an integer N ≥ 1, an η-dense subset {x 1 , x 2 , ..., x N } of X, a finitely many mutually disjoint clopen subset S 1 , S 2 , ..., S n ⊂ X with ∪ n i=1 S i = X, a finite subset set {a 1 , a 2 , ..., a n } ⊂ A of mutually orthogonal projections with 0 < a i < κ 0 ([χ S i )]), i = 1, 2, ..., n, a finitely many mutually disjoint clopen subsets {F 1 , F 2 , ..., F n 1 } of X with ∪ n 1 i=1 F i = X, and a projection p with
There is a projection q ∈ A such that [p] ≤ [q] and a unital homomorphism h : C(X) → qAq with finite dimensional range such that |τ • h(g) − γ(g)(τ )| < δ for all g ∈ F and τ ∈ T (A), and (e 4.44)
(e 4.45)
.46)
where Moreover, there exists a projection p ′ ∈ q such that
and (e 4.47)
.., n}. By applying 4.3, we obtain a projection q ∈ A and a unital homomorphism h : C(X) → qAq with finite dimensional range satisfying the following: 
where ξ s ∈ X and {E 1 , E 2 , ..., E L } is a set of mutually orthogonal projections such that L s=1 E s = q. By (e 4.52), one has
(e 4.53)
For each i, by the Riesz Interpolation Property ( [14] ), there is a projection E ′ s ≤ E s for which x s ∈ S i such that
(e 4.54) Proof. Suppose that X ⊂ Y, where Y is a finite CW complex. Let X n ⊂ Y be a decreasing sequence of finite CW complexes for which 3.4 holds. Suppose that p n,1 , p n,2 , ..., p n,r(n) are mutually orthogonal projections of C(X n ) which correspond to the connected components of X n . It is clear that we may assume that each connected component of X n contains at least one point of X. This implies that [s n ] ∈ KK(C(X n ), C(X)) ++ . It follows that
(e 4.57)
Let {F n } be an increasing sequence of finite subsets of C(X) whose union is dense in C(X). Let {η n } be a decreasing sequence of positive numbers with lim n→∞ η n = 0, {P n } be an increasing sequence of finite subsets of K(C) whose union is K(C), let {k(n)}, {N (n)} ⊂ N be two sequences of integers such that k(n), N (n) ր ∞, and {x n,1 , x (n,2 , ..., x n,N (n) } be η n -dense subsets of X which satisfy the requirements of 3.5 and 3.6 for corresponding ǫ n = 1/2 n+2 and F n .
By passing to a subsequence if necessary, we may assume that there is a finite subset
.., }) be a set of disjoint clopen subsets of X with ∪ m(n) i=1 S i = X required by 3.3 for ǫ n and F n , n = 1, 2, .... We may assume that 1 C(X) ∈ G ′ n , n = 1, 2, .... By taking a refinement of the clopen partition of X, we may assume that s n (p n,i ) is a finite sum of functions in {χ S j,n : 1 ≤ j ≤ m(n)}, i = 1, 2, ..., r(n).
Let G n ⊂ C(X k(n) ) s.a. be a finite subsets for which s k(n) (G n ) = G ′ n , n = 1, 2, .... By applying 4.3, we obtain a projection P 1 ∈ A and a unital homomorphism Φ ′ 1 :
(e 4.59) for all τ ∈ T (A), i = 1, 2, ..., m(1), and
where {e
1 , e
2 , ..., e 
i ) is a unital homomorphism with finite dimensional range. Note also, since 1
It follows from 4.1 that there is a unital monomorphism φ ′ 1 :
(e 4.61) 
i ) is a unital homomorphism with finite dimensional range;
It follows from 4.4 that there is a projection P n+1 ∈ A and a unital homomorphism Φ ′ n+1 : C(X) → P n+1 AP n+1 satisfying the following:
(1) there are mutually orthogonal and mutually equivalent projections e 
) is a unital homomorphism with finite dimensional range;
and for all τ ∈ T (A);
and φ n+1 satisfy (1), (2), (3), (4), (5), (6) and (7). To complete the induction, define Φ ′′ n+1 :
for all f ∈ C(X). By (3) and (4),
There is a unitary w n ∈ U (A) such that w * n P ′ n+1 w n = P n . Thus, by (5) and (3), and by applying 3.3, there exists a unitary v n ∈ U (P n AP n ) such that
(e 4.63)
. By (7) and (e 4.62), we have
. It follows from (1) and 3.5 that there exists a unitary V n ∈ U (A) such that
(e 4.64)
Then, by (e 4.63) and (e 4.64),
(e 4.65) Note 2ǫ n = 1/2 n+1 . This concludes the induction. Define ψ 1 = φ 1 and ψ n+1 = ad u n • φ n+1 , n = 1, 2, .... Then, by (8) above,
It follows that {ψ n • s m,n (g)} n≥m is a Cauchy sequence by (e 4.66).
Thus h(f ) = lim n→∞ ψ n • s m,n (g) is well-defined. It is then easy to verify that h defines a unital homomorphism from C(X) into A. Since each φ n is injective, it is easy to check that h is also injective.
If x ∈ Q m , then by (7) above,
It is also easy to check from (3) and (4) that
and for all τ ∈ T (A).
AH-algebras
Lemma 5.1. Let X be a compact subset of a finite CW complex, let C = P M k (C(X))P, where for all c ∈ C s.a. and τ ∈ T (A).
Proof. We may write C = ∪ ∞ n=1 C n , where C n = P n M k (C(X n ))P n , where X n is a compact subset of a finite CW complex and P n ∈ M k (C(X n )) is a projection. We may also assume that 1 Cn = 1 C for all n. Denote by ı n : C n → C the embedding, n = 1, 2, ....
... Since ı n is injective κ n ∈ KL e (C n , A) ++ and γ n is unital strictly positive. It is also clear that γ n is compatible with κ n , since γ is compatible with κ. It follows from 5.1 that there is a sequence of unital monomorphisms φ n : C n → A such that
for all c ∈ C s.a. and τ ∈ T (A). Let {F n } be an increasing sequence of finite subsets of C whose union is dense in C. By passing to a subsequence, if necessary, without loss of generality, we may assume that F n ⊂ C n .
It follows (from 2.3.13 of [9] , for example) that there is, for each n, a unital completely positive linear map L n : C → A such that
(e 5.72)
It follows from Lemma 5.1, by passing to a subsequence again and by applying (e 5.71), there is a sequence of unitaries u n and a subsequence of {k(n)} such that
... Note that {ψ n (c)} is a Cauchy sequence in A for each c ∈ F m . Define h(c) = lim n→∞ ψ n (c). It is easy to see that h gives a unital homomorphism from C into A. Moreover, for each
(e 5.74)
Since each φ n is injective, it follows that h is a monomorphism. From (e 5.74) and (e 5.71), we have
for all c ∈ C s.a. and τ ∈ T (A).
Corollary 5.3. Let X be a compact metric space and let A be a unital simple C * -algebra with tracial rank zero. Suppose that κ ∈ KL e (C(X), A) ++ . Suppose also that there is a unital strictly positive linear map γ : C s,a → Aff(T (A)) which is compatible with κ. Then there is a monomorphism α : C → A such that
for all c ∈ C(X) s.a. and τ ∈ T (A).
Take two sequences of positive rational numbers {a n } and {b n } such that ∞ n=1 a n = 1 − √ 2/2 and
. Define a unital positive linear functional F : C(X) → R as follows: There is an element κ ∈ KL(C(X), A) such that κ| K 0 (C(X)) = F * .
Thus κ(K 0 (C(X)) + \ {0}) ⊂ K 0 (A) + \ {0}. In other words, κ ∈ KL e (C, A) ++ . Suppose that γ : C s.a → Aff(T (A)) = R is unital and positive such that 
